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CHAPTER 9
Trigonometric Ratios and Identities

Basic identities

PYTHAGOREAN

sin® @ + cos? 0 = 1, 1+ tan® 0 = sec® 6, 1+ cot?0 = csc? 6

ALLIED ANGLES
sin(m — 0) = sin @, cos(m — 0) = — cos b, sin (5 — 0) = cos

ASTC: all ratios positive in quadrant I, sin in Il, tan in Ill, cos in IV.

Compound angles

SINE AND COSINE

sin(A 4+ B) = sin A cos B + cos Asin B, cos(A + B) = cos Acos B F sin Asin B

TANGENT

tan A + tan B
1 Ftan Atan B

tan(A £+ B) =

PRODUCTS

sin(A + B)sin(A — B) =sin? A —sin? B,  cos(A + B) cos(A — B) = cos’ A — sin’ B

Multiple and sub-multiple angles

DOUBLE ANGLE

2tan A

sin2A = 2sinAcos A = ———, cos24 =cos? A —sin® A=1-—2sin? A =2cos>4—1
1+ tan“ A
2tan A 1 —tan? A4
tan24 = —— < 94— - 2n 4
an 1 —tan® A €08 1+tan® A4
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TRIPLE ANGLE

tan A — tan® A
sin34 =3sin A —4sin® A, cos34A=4cos> A —3cosA, tan3A = 3 tan an

1—3tan® A
HALF ANGLE
. 9A 1—cosA 9 A 1l+cosA A 1—cosA
sm" - = —, cos” — = —, tan — = ———
2 2 2 2 2 sin A
Sum-product formulas
SUM TO PRODUCT
D - D D —D
sinC’—l—sinD:2sinC+ cosC , cosC’+cosD:2cosC+ cosC
2 2 2 2
C+ D C—-D C+ D C—-D
sinC — sin D = 2 cos —; sin ST cosC —cos D = —2sin -|2- sin 5

PRODUCT TO SUM

2sin Acos B =sin(A+ B) +sin(A — B),  2cos Acos B = cos(A + B) + cos(A — B),

2sin Asin B = cos(A — B) — cos(A + B)

Standard results

VALUES

=
_|._
—_

V3—1 i _
Wk tan15° = 2 — /3, sin 18° = \/54 1, cos 36° = 1

sin 15° =

PRODUCT OF COSINES

in2" A
cos Acos2Acos4A---cos2” 1A = S -
2" sin A
SINES IN AP

n—1 . Qﬁ

sin 1
Zsin(a +kB) = 2 sin <a + U)

sin £ 2
k=0 2

Same for cosines with cos in place of the last sin.

THREE-ANGLE PRODUCT

sin 0 sin(60° — ) sin(60° + ) = } sin 30
Conditional identities (A+ B + C =)

tan A+ tan B 4+ tanC = tan Atan Btan C

sin2A4 + sin 2B + sin 2C = 4 sin A sin B sin C
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A B C
cos A +cosB +cosC = 1+4sin§sin§sin§

Maximum and minimum
—vaz+ b2 <asinf +bcosh < v/a? + b2

asin® @ + bcos? § € [min(a,b), max(a,b)]
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